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Spatial Frequency (of an image)

* Frequency

— Inverse of period length
of some structure in an image

— Unit [L/pixel] =

 Lowest frequency
— Image average

- Highest representable frequency e A0

— Defined by half the image resolution
 Phase allows shifting of the pattern

— Nyquist frequency (1/2 the sampling frequency)
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Fourier Transformation

* Any absolute integrable function f(x) can be
expressed as an mtegralooover sine and cosine waves:

Analysis:  F(k) = E.[f(x)](k) = jf(x)e—iZkadx /\ Pt

Synthesis: f(x) = F1[F(k)](x) = f F(k)e'2mxqj NPXPMPah ¢
 Representation via complex exponential M \m
— eX=cos(x) + i sin(x) (see Taylor expansion) \M
« Division into even and odd parts /\/\/\/\ L
— Even: f(xX) = f(-x) (symmetry abouty axis) ‘ + /V\N
— 0Odd: f(x) = -f(-x) (symmetry about origin) NN T
FO) =5 1F0) + f] +5[f ()~ F-0 = E@ +0G) N/V L.
. Transform of each part A * W\N

— Even: cosine only; odd: sine only




Symetric integral ([-a, a])

AnaIyS|S &, SyntheS|S over an odd function is zero

* Analysis

F(k) = f f(x) (cos(—2mkx) + isin(—2mkx))dx = b(k) + i a(k)

— Even term

(0]

b(k) = J f(x)cos(2mkx) dx = f (E(x) + 0(x)) cos(2mkx) dx = f E(x) cos(2mkx) dx

— 00

—.0dd term o o
a(k) = J f(x)sin(2rkx) dx = f (E(x) + 0(x)) sin(2mkx) dx = j O (x) sin(2mkx) dx

—C0 —C0

. SyntheS|s %
fx) = j F(k)(cos(2mkx) + i sin(2mkx)) dk = E(x) + 0O(x)
— Even term —

E(x) = f F(k)cos(2mkx) dk = j (b(k) —ia(k)) cos(2mkx) dk = j b(k) cos(2mkx) dk
— Odd term

co

O(x) = f F(k) isin(2mkx) dk = J (b(k) —ia(k))isin(2mkx) dk = ] a(k)sin(2mkx) dk

— 00 — 00
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Spatial vs. Frequency Domain

« Important basis functions:
— Box < (normalized) sinc

f{x) F(v)
. 1 1 s
_ sin(xm : : A
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Spatial vs. Frequency Domain

Transform behavior

« Example: Fourier transform of a box function

1 w
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— Wide box — narrow sinc

— Box — sinc

— Narrow box — wide sinc
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Fourier Transformation

 Periodic in space < discretein frequency (vice ver.)

— Any periodic, continuous function can be expressed as the sum of
an (infinite) number of sine or cosine waves:

f(x) = 2 a, sin(27*k*x) + b, cos(2 7*k*x)
— Any finite interval can be made periodic by concatenation with itself
« Decomposition of signal into different frequency

bands: Spectral Analysis
— Frequency band: k

« k=0 . mean value

« k=1 . function period, lowest possible frequency

« k=1.57? :not possible, periodic function, e.g. f(x) = f(x+1)
*  Kpax? : band limit, no higher frequency present in signal

— Fourier coefficients: a,, b, (real-valued, as before)
« Even functionf(x) = f(-x): a, =0
« Oddfunction f(x)=-f(-x): b, =0




Fourier Synthesis Example

Square wave: periodic, uneven function

f(x) =05 VO < (xmod2n) <m
= —05 Vrm < (xmod2n) < 2m

a, = | sin@rkx)f(x)dx f(x) =Y, a,sin(2rkx)
ast AVAVAVAVERAVAVAVAVAY
*a, = S S T T

'a4=0 _ : ok

'aez 0

'88= 0

9= 119 s o - L LU
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Discrete Fourier Transform

 Equally-spaced function samples (N samples)
— Function values known only at discrete points, e.g.
* |dealized physical measurements
 Pixel positions in an image!
— Represented via sum of Delta distribution (Fourier integrals — sums)
* Fourier analysis D1k
ay = 2 sin< N )fi

i

b, = z COS (2;’]“.) fi

i

— Sum over all N measurement points

— k=0,1,2,...? Highest possible frequency?
« Nyquist frequency: highest frequency that can be represented
« Defined as 1/2 the sampling frequency
« Sampling rate N: determined by image resolution (pixel size)
« 2 samples/ period < 0.5 cycles per pixel = K., SN/ 2




Spatial vs. Frequency Domain

Examples (pixels vs. cycles per pixel)
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2D Fourier Transform

« 2 separate 1D Fourier transformations along x and y
directions

« Discontinuous edge = linein orthogonal directionin
Fourier domain !




Convolution

1
(F W = | FOgx-Ddr L i/\
—® 21 # — | . -
2 2 4
 Two functions f, g 2 ;,/
« Shift one (reversed) O
function against the other 1
by x N
. . 4 &) —_— : :
* Multiply function values 3 s I S
* Integrate across —
overlapping region Ho .L
. . 2 12
 Numerical convolution: 8| @,‘-_'4 \ Ny
expensive operation o o f
— Foreach x: ; / ’] |
Integrate over non-zero domain . 1 84567
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Convolution

« Examples
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Convolution Theorem

« Convolution in image domain
— Multiplication in Fourier domain

e Convolution in Fourier domain
— Multiplication in image domain

« Multiplicationin transformed Fourier domain may be
cheaper than direct convolution in image domain !

b I8 1 t+1 fir —1<t<0
* = (t)=4¢ =141 fir0<ti<1
0 sonst

A e Az e ¢ 1 | 1

raect(t) = rect(t) = > (1)
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Convolution and Filtering

 Technical realization
— Inimage domain
— Pixel mask with weights

\
_ [T 1]
 Problems (e.g. sinc)

— Large filter support
° Large mask // // // // ////////////////
» Alot of computation
— Negative weights
* Negative light?
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Filtering

* Ideal low-pass filter
— Multiplication with box “Jh
in frequency domain - B —
— Convolution with sinc In @
spatial domain roTTTTT
 Ideal high-pass filter A
— Multiplication with (1 - box) .
In frequency domain (o)
— Only high frequencies S :
* Ideal band-pass filter %Jﬁml\wm
— Combination of .
wide low-pass and ‘““

narrow high-pass filter
— Only intermediate

frequencies e




Low-Pass Filtering

« “Blurring
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High-Pass Filtering

 Enhances discontinuitiesin image
— Useful for edge detection
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